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SMALL SUBALGEBRAS OF STEENROD AND
MORAVA STABILIZER ALGEBRAS
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ABSTRACT. Let P(j) (resp. S(n)(;y) be the subalgebra of the Steenrod al-
gebra A, (resp. nth Morava stabilizer algebra) generated by reduced powers
PPL0< i< (resp. ti, 1 < i < j). In this paper we identify the dual
P —1)* of P(j — 1) (resp. S(n)(;), for j < n) with some Frobenius ker-
nel (resp. Fpn-points) of a unipotent subgroup G(j + 1) of the general linear

algebraic group GL;y1. Using these facts, we get the additive structure of
H*(P(1)) = Extp(1y(Z/p, Z/p) for odd primes.

INTRODUCTION

The Adams and Adams-Novikov spectral sequences are the most powerful tools
to compute stable homotopy groups of spheres. The Es-terms of these spectral
sequences are the cohomology of the Steenrod algebra or reduce essentially to the
cohomology of the Morava stabilizer algebra. We study here the cohomology of some
small subalgebras of these algebras for odd primes p. Let P(j) be the subalgebra
of the mod p Steenrod algebra A,, generated by the reduced powers PrL0<i<j,
and let S (n)(j) be the subalgebra of the nth Morava stabilizer algebra, generated
by t;, 0 < i < j. We will examine a unipotent subgroup G(j + 1) of the general
linear algebraic group GLj41, generated by matrices {(a;; = afijjl)} with a;; = 1,
a;; = 0 for i < j. Let kE[G(j + 1)] be its coordinate ring with coefficients the
algebraic closure k = ). Then the dual P(j)* ® k of P(j) ® k is a quotient of
E[G(j+2)] by images of Frobenius maps (a modified Frobenius kernel), and if j < n,
then S(n)(;) ® k is the dual of the group ring k(G(j + 1)(Fpn)) of Fyn-points, and
is the quotient of k[G(j + 1)] by the ideal (2" — z).

Hereafter we will always work in P(j) ® k, so we will leave out the k (and the
same for S(n)). The cohomology H*(—) will always mean H*(—; k).

In §1 of this paper, we state the relations between this algebraic group and the
Steenrod and Morava stabilizer algebras. In §2 and §3, we consider the cohomol-
ogy of the Frobenius kernel and of the Fj-points respectively. The cohomology
H*(P(1)) is computed for p = odd in §4 (when p = 2, it is the classical result of
Adams and Liulevicius [Li]), and H*(P(2)) is computed by Shimada-Iwai [S-1]).
The cohomology H*(S(2)(2) is computed in §5. The last section is a description of
the cohomology of S(2), which was already studied by Ravenel [R 1]-[R 3], Henn
[H] and Gorbounov-Siegel-Symonds [G-S-S].
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We do not directly use theories of algebraic groups and their representations in
these concrete cases computations. However these computations are suggested by
those for the maximal unipotent group U in GL3, which was done in joint work
with Kaneda, Shimada and Tezuka [K-S-T-Y 1]. K. Shimomura and C. Peterson
suggested the importance of algebraic groups for the Morava stabilizer algebra.
H. Miller pointed out the similarity of cohomology of P(1) and the extraspecial
p-group U(F}), which was the start of this work. The author thanks those people.

1. ALGEBRAIC GROUPS AND THE STEENROD ALGEBRA

Let k£ be the algebraic closure of F), for an odd prime. We think of an algebraic
group G as a functor G : A — G(A) from commutative k-algebras A to groups
G(A). For example, the additive group G, is defined by G,(A) = A. In this paper,
we consider the unipotent algebraic subgroup G(n 4 1) of the general linear group
GL,,+1, generated by matrices (see [K-S-T-Y 2], 3.3)

1
a1 1
ag ay 1 0
= 2
(1 1) g(ala ,an) as az27 a117 1
an af a1
n n—1 1

The coordinate ring k[G] is a Hopf algebra defined by the homomorphisms of set-
valued functors Hom(G, G,). Taking & : g(ai,...,a,) — a;, its coordinate ring
is k[G(n + 1)] & k[&,...,&,] with the diagonal (&) = E;‘:O & ® 5?;-750 = 1.
For each element in the coordinate ring, we assign a weight by wt(&;) = p* — 1,
indeed, the conjugation action of the diagonal matrix ¢ = diag(b,b?, ..., bpnfl) is
represented as ad(t)g(a1, ..., a,) = g(b*tai,...,b"" ~ta,).

On the other hand, it is well known that the dual P(co)* of the subalge-
bra of Steenrod algebra A, ® k, generated by reduced powers, is isomorphic to
El&1,...,&n,...] & k[G(c0)] with the same diagonal map. Moreover the degree
deg(&;) = 2(p* — 1) = 2wt(&;), twice the weight. Hence we may think that for a
topological space X, the ordinary homology H,.(X) is a k[G(c0) X G,,]-comodule
where G, is the multiplicative group, and i-dimensional cohomology H*(X) is the
weight i-space, i.e. b(z) = bz for x € H (X) and b € G, (k) = k*.

Let P(n—1) be the sub-Hopf algebra of P(co) generated by reduced powers PP’
0 <i<n—1. Then its dual is

(1.2) P(n—1)" 2 klg, ... &)/, & . ).

For an algebraic group G, the Frobenius kernel G, is defined as the functor which
represents the kernel of the rth Frobenius map ¢” : G — G. Its coordinate ring
k[G,] is represented as k[G]/(zP" |z € augmentation ideal). Therefore P(n — 1)* is
a quotient algebra of k[G(n + 1),], indeed we have

Theorem 1.3. Let GP(n + 1) be the functor taking
A= g(Ga(A)p,...,Ga(A)1), Ga(A); = (Kero'|A).
Then k|GP(n + 1)] & P(n — 1)*.
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Remark. The subalgebra P(n) of A, itself is identified with the distribution
Dist(G(n + 2)) (see 3.3 in [K-S-T-Y 2]).

Next consider the relation between G(n 4 1) and the Morava stabilizer algebra.
Let K(n).(—) be Morava K-theory with coefficients K (n). = Z/p[vn, v, 1] with
lun] = 2(p™ — 1). Recall

K(n).K(n) 2 K(n).t,...ti,...]/(vat? —o2"t;) and
§(n) = K(m)oK (n)/(on = 1) @ k = kltr,...]/ (] —ta).
The diagonal map in S(n) is given ([R 1], (31))

Z tj <§§>tZ —j for i <n,
0<5<e

Plingi) = Y t®tz+nj Con(ti @1, ti1 @1h, ..., 1®t;)

0<j<n+i

where Cyn (21,...2%) is the modp reduction of p~ (3 x;)P" — Z(xfn)) Let us
write the sub-Hopf algebra
(1.6) S(n)gy = Kltr, ..., 5]/ (8 — |1 <i < j) C S(n).

One of the important theorems of Morava ([R 1], [R 2]) is the following. There
exists a profinite group S, such such that its group ring k(S,) is isomorphic to
S(n)* where S(n)* is the topological dual of S(n) filtered by S(n)j

On the other hand, Kaneda-Radford-Tezuka found (Theorem 2.2.2 in [T]) the
relation between the group ring of the group of Fi-points and the coordinate ring;
if G is a unipotent algebraic group defined over F},, then the dual of the group ring
of the finite group of its F,-points is a quotient ring of the coordinate ring

(1.7) k(G(Fpn))* = k[G]/(2P" — x|z € augmentation ideal).
Hence from (1.5), (1.6) and (1.7), we get
Theorem 1.8. If j < n, then k(G(j + 1)(Fp»))* = S(n)(y. Therefore we have
H*(5(n))) = H* (GG + 1)(Fpr)).-
The weight for elements in k(G(j + 1)(Fpn))* is given by the action
ad(t)g(ay, ... an) = g(bP ay, ..., 0" "tay)

for t = dig(b,...,b""~!). Here b € k* such that b»~! € F7.. So the weight takes
the value with modulo (p™ —1)(p—1). However if n < j, then the weight takes only
value with modulo (p™ — 1) by the restrictions for the coproduct ¥ (t,;). Hence
the degree of K (n)*(X) is 2(p" — 1)-periodic, and the action of b € F};. corresponds
to the Adams operation.

If j > n, then the cohomology of G(j 4 1)(F)=) and S(n);) are quite different.
Consider the case n = 1 and j = co. We have the spectral sequence

Elgék J@ \(hi) = H*(S(1))

where h; = [t;] and b; is its Bockstein. The coproduct (1.5) shows dyhit1 = b;. So
we know

(1.9) H*(S(1)) = /\(hl), R 1].

(1.4)

(1.5)
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On the other hand G(j + 1)(F,) = V(j + 1)(F},) where V(j + 1) C GL;j41 is
the commutative unipotent group generated by matrices (a;; = a;—j,1) with a;; =
1,a;; =0 for i < j. We already know [P-Y] the decomposition V(j + 1) = [[ W,
(see (9) in [P-Y]) to Witt vectors, and the cohomology of Witt vectors W,,,. Thus
we get

(1.10) H*(G(o0)(F,)) = Lim H*(G()(EF)) = A\ (hilp ).

j—oo
2. COHOMOLOGY OF THE FROBENIUS KERNEL

First, we study the cohomology of G(3). There is a central extension
(2.1) 1-G,—GB)—G2)—1

where G, (resp. G(2)) is generated by g(0,az2) (resp. g(a1,0)). This induces the
spectral sequence

(2.2) Ey” = H*(G(2)) ® H*(Ga) = H*(G(3)).

Here the Es-term is isomorphic to

Ey" = ® k[b1i, b2i] @ A(his, hai)
i=0
where we identify h;; = [5;7] and bj; = thi = Zlgkgp—l(Z)é?i(p_k) ® ffik]
in the cobar complex. Here B = Bo is the Bockstein defined in the cobar complex

(see Appendix 1 in [R 3]), which is the composition of the Frobenius map o and
the usual Bockstein B.

Remark. In the notation [Y], [K-S-T-Y 1] h;; = z;(j) and b;; = y;(j + 1).
Since (&) — (L2 ®1+1® &) = & ® &, the first differential of the spectral
sequence is
(2.3) dsahog = highi1.
From the naturality of B and the fact P° = &, we know
d3bao = Bdshag = B(h1o)P°(h11) — P (h10)B(hi1)

(2.4)
= bl()th - bllhll-

By using reduced powers P’ in the cobar complexes (see also Appendix 1 in [R 3])
and the Cartan-Serre transgression theorem, we get
n ~ n—1 ~
(2.5) dapry1bhg = PP - Pdzbao
= b;i)() hl,n+2 - bfl hl,n—i—l-

The Kudo transgression theorem implies

(2.6) o (p—1)+1 (0 "™ @ dayn 10 ) = BPP" (dapn 416 ),

_ pn+1 pn+1
- b10 bl,n+2 - bl,n—i—lbll

Therefore by acting with the Frobenius map, we know that

mt1 mt1
(2.7) J =% bimtite = b i p1b1merit)

is zero in H*(G(3)).
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Next consider the cohomology of G(3),. In this case by; = hy; = 0if i > r. Hence
the Es-term of the spectral sequence type of (2.1) but converging to H*(G(3),) is

(28) E;’* = ® k[bli, bgl] [ /\(hlia hgi).

0<i<r—1

r—1
From (2.5) we know that b5, is a permanent cycle. By using the Frobenius maps,
r—j—1
we also see bgj isa permanent cycle.

r—j—1

Theorem 2.9. Let by; € H*(G(3),) be an element which corresponds to b5;
in the spectral sequence (2.8). Then H*(G(3),) is finitely generated over k[by;]0 <

j <r—1]® klbio]. Moreover b%’-H)T?j =0 forj>1.

Proof. From (2.7), bf,k—lbLk—l —bf_’k_le,k = 0. Take k = r, and we get bﬁ)j;l_l =0.

Since b’l’j,gl_z = (b1.k—3)Pb1 k_1, we also have (by,_o)®+1)* = 0. By induction on r,

we can easily see the last statement.
r—j—1
Let By = @q<i<,—q klbii] and By = Qy<;<,_1 k[b5;, = |. Then we can write
E;" = A® By where A is a finitely generated B;-module.
Since d|By = 0, the cohomology E3* = H*(A ® Bs,ds) = H(A,dy) ® By. It is a
subquotient ring of the Noetherian ring E5°*, hence it is also Noetherian. Therefore

E** is Noetherian for finite s. Since A** =0 for t > > |b7‘2’;7j71 |, we get By = Eo.
This shows that H*(G(3),) is finite over By ® By.  q.e.d.

Next consider G(n 4 1),.. The filtration given by maps
(2.10) G2)—GB)«—-—Gn+1) G,
induces a spectral sequence
(2.11) Ei=Q & kbile \hij)= HG®n+1),).

1<i<n 0<j<r—1

Before considering this spectral sequence, we study more general cases. Let U be
a unipotent algebraic group and
(2.12) 1-G,—»U—-U —1

be a central extension of U’. The induced spectral sequence for H*(U,) has the
FEs-term

By =HU)e | & kbjle k) |=HU,).
0<j<r—1

Lemma 2.13. There is s > 0 such that bfs is a permanent cycle in the spectral
sequence above. Hence H*(U,) is Noetherian.

7) is Noetherian. The transgression theorem
shows dypi1b,,i = a;s € H(U,). Since H(U]) is Noetherian, there is s; such that

T

Proof. By induction we assume H* (U]

k
agt € (aot,...,as) for all k > s;. This means ! is a permanent cycle. Then by
arguments similar to the last parts of the proof of Theorem 2.9, we can prove the
lemma. q.e.d.
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Theorem 2.14. In the spectral sequence (2.11), there is an s > 0 such that bfjs +z
is a permanent cycle where z € klbix|k > j]. Let us write I;ij for a corresponding
element in H*(G(n + 1),). Then H*(G(n + 1),) is finite over k[b;j|i > j or i >
[n/2]].

Proof. The first statement is immediate from Lemma 2.13. Let us write G(n, )
for the kernel of the natural projection G(n) — G(i). Then we have the spectral
sequences

Ey* = H'(G(n),) @ H* (Gar) = H* (Gn+1),),
E(i)y" = H*(G(n,i),) @ H (Gor) = H*(G(n + 1,1),)
and induced map i* : E* — E(i)7*. Taken = 2i. Then ¢(§2i)— (§2i®1—1®&x) =

& ® € mod(&y,. .., & 1) implies dohgio = hiohis in E(i)y. Hence by Kudo’s
transgression theorem

i—10, 4 i—1
d2p7‘*1(p—1)+1(b127i70 =0 ® dQ;D'i’1+le2)i,0 )

_pptHl gy : A
= bi7i — bi70bi,2i mn E(Z)me—l(p_l)_;’_l-

(1)

We can take as by, the left-hand side of (1) in H*(G(2i),). Indeed, it is zero in
H*(G(2i + 1),) and the restriction of the image in H*(G(2i,1),) is the right-hand
side of (1). By the Frobenius map, we can take b;; =0 for all j > 4. q.e.d.

3. COHOMOLOGY OF F,-POINTS

In this section, we assume ¢ = p”, and we study cohomology of G(n + 1)(Fy)
comparing it to that of G(n + 1),. First we study the case G(3). The central
extension (2.1) induces a spectral sequence such that

(3.1) ES* = (2.8) = H*(G(3)(F,)).

Here the Es-term is isomorphic to (2.8) as rings but the Frobenius map acts differ-
ently

ohir—1 = hio,0b; -1 = b; 0.

Hence we take the index j € Z/r for h;;,b; ;. The differentials (2.3)-(2.6) also
hold. In particular the ideal J is zero in H*(G(3)(Fy)). Before studying this ideal
J, we recall Quillen’s theorem for cohomology of finite groups.

Given a k-algebra R, let R(k) be the variety of R, that is, the set of ring maps
Hom(R, k) endowed with the Zariski topology. Let V' be a vector space over k.
Given an ideal I in the symmetric algebra S(V'), the variety Var(I) is the zeros
in V. Taking the coordinate homomorphism, Var(l) = (S(V)/I)(k). Quillen’s
stratification theorem for cohomology of finite groups is

Theorem 3.2. ([Q]) Let G be a finite group and H(G) = H®*"(G; k). Then the
variety H(G)(k) has a stratification

HG)(k) = \/ V{
A€lE

where IE is a set of representatives of conjugacy classes of elementary abelian p
subgroups A of G, and Vi = i*(A@ k)T fori: AC G and (A® k)t = A0k —
UA/gA A/ ® k
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We study maximal elementary abelian p-groups in G(3)(F,). The group
G(3,2)(F,) = {9(0,a)la € F,} = F, is the center of G(3)(Fy;). The commuta-
tor

[g(av 0)7 g(bv 0)] = g(Ov afb — abp)

(see p. 998 [Y], where g(a,0) = z12(a)za3(a?)). If the subgroup generated by g(a,0)
and g(b,0) is abelian, then a?b — ab?” = 0, so a/b = (a/b)?, hence a/b € F;. Let
A, be the subgroup generated by g(a,0). Then the conjugacy classes of maximal
elementary abelian p-groups are written as

A, ®G(3,2)(Fy) = Z/p® (Z/p)", witha € F!/F.
From Quillen’s theorem
Theorem 3.3. H(G(3)(Fy))(k) = (UVe) & (K") with V, = A, @ k = k fora €
Fy/Fr.
On the other hand, we get
Theorem 3.4. Let J be the ideal (2.7) in S1 = k[b1;]0 < i <r —1]. Then

Var(J) 2| JW,  with Wy = k,a € F; /Fy.
Proof. Let (by---by_1) € Var(J) C (k)". Then b¥ by — b2 b, = 0 so (by/b)?" =
(bns1/bn). Let by /by = A. Then
(bo, - - - br_1) = (bo, Abo, A1 Phg, ..., NFPH+P" )

r—1

and AN'TPHFP — 10 Since 297! — 1 = 0 for all # € F, we can write A = 2P~

for z € F;. Hence the variety is
Var(J) = | JWx for A€ F;/F;
where Wy = {(bo, Abo, ..., \\FPH+2" Zbolbg € k). qed.

Lemma 3.5. Let m be the projection m : G(3)(F,) — G(2)(F,) and p : S1/J —
T H*(G(2)(Fy)) be the induced map. Then p(k) : (n*H(G(2)))(k) = Var(J).
Proof. Consider the commutative diagram of k-points.

(k)" 22 Sy (k) e 7 (H(G(2)(Fy)) (k) ———— Var(.J) 2 UW,

T p(k)

UVa

T

H(GB)(F))(F) = (UVa @ (k)7)

Since p is epic, p(k) is monic. The number of subspaces V and W are the same.
Hence p(k) is also epic.  q.e.d.

For finite groups K’ C K, let N[K' C K| : H*(K') — H*(K) be the Evens norm
which satisfies naturality and the multiplicative properties (for details see [E], [Y]).
Let us write

by = NIG(3,2)(Fy) € G(3)(Fy))(bzy).
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By the double coset formula, bs;|G(3,2)(F,) = bg;. Then we can define
(3.6) J:klbosl0 < j <7l ®81/() — HY(G(3)(Fy)).
Theorem 3.7. The above map j is injective modulo \/0, and finite.

Proof. By Lemma 3.5, j|1 ® S1/(J) is injective modulo v/0. By arguments similar
to the last part in the proof of Theorem 2.9, we also see that the spectral sequence
for H « (G(3)(F,)) also has the form E¥* =~ A, ® k[b§;|0 < j <] for all s and for
some finitely generated Si-module A,. Thus we have proved the theorem. q.e.d.

Next consider G(n + 1). Define the elements
bij = N[G(n +1,§)(F;) C G(n+1)(F,)](bi;)
so that bi;|G(n +1,4)(F,) = bf;. Then we can easily prove

Theorem 3.8. H(G(n + 1))(F,) is finite over @ k[b;;] where the index (ij) runs
over the following (i) and (ii)

(i) 1<i<[n/2] and 0 <2mi < j < (2m+1)i <r for some m,

(ii) i > [n/2].

4. COHOMOLOGY OF P(1)*

In this section we compute H*(P(1)*) according to the arguments in §2. We use
k[GP(3)] = P(1)* and consider the spectral sequence type (2.8)

(4.1) E3" = k[big, b11, bao] ® /\(hlovhn, hao) = H*(P(1)").

For ease of notations, we write by; = b;,h1; = hi,bog = uw and hgg = z, and
moreover S = k[bg, b1]. Hence in the new notation E5* = S[u] ® A(ho, h1,2), and
ze ES' ue ES? 8 @ N(ho,hi) = E3°.

The first nonzero differential is doz = hohy and we get

(42) E;’* :S[u]{17h0,h1,hQZ,hlz,thlz},

where S[ul{1, ho, ... } means the free S[u]-module generated by 1, hg, . ... The next
differential is

d3u = g(hohl) = b0h2 — blhl = —blhl.
Since ds(u') = iu'~tdz(u), we get
Ey" = k] @ (A/(biha) ® H(A biha){u, ..., uP=*} & (Ker(bih)| A){uP~"})

where A = E;’O @ E§’1 = S{1, ho, h1, hoz, h1z, hoh1z}, and H(A, hiby) is the ho-
mology of A defined by the differential dax = hibix for each x € A. In S ®
/\(ho, hl)/(hohl), we see Ker(blhl) = S{ho, hl} and Image(blhl) = S{hlbl}

. S{l,ho}@SQ{hl},l i =0,
(4.3) Ep? 2= (S{ho} ® So{hiDul, 0<i<p—2,
S{hg, hi}uP™?, i=p-—1,

with Sop = 5/(b1). The odd second degree parts are given for a;,ap; € S by
dg(a()h() +airhy + a01h0h1)zu = aghoh1b1z.
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Hence in S{hoz, h1z, hoh1z}, we get Ker(bihy) = S{hiz, hoh1z} and Image(bihy) =
S{hoh1b1z}. Thus we get
‘ (S{ho, hl} ©® So{hohl})z, 1 =0,
(4.3) EpP T = L(S{h} @ So{hohi })u'z, 0<i<p-—1,
S{hl,hohl}zup_l, i=p-—1.

Recall that the weight introduced in §1 is always a multiple of p — 1. So divide
it by p — 1, and let us write it wt(x) so that wt(h;) = wt(b;—1) = p* and wt(z) =
p+1,wt(u) = p(p +1). By Kudo’s transgression theorem

(4.4)  dop_1(haby @ uP™Y) = BP'(hiby) = B(h1)P*(b1) = bib? = b8,

Therefore Ej" is bf“-torsion. Hence there are r < 2p — 1 such that d,(z) =
W hyz. Since wt(62T'hy2) = 1 mod p, we have wt(z) = 1mod p. Hence z = ahgu'
or ¥ = ahju'z for a € S. However x must be odd degree, since dx is even degree.
Thus = = ahgu’. . o

Since |a| = 2(p 4+ 1 — i), let us write a = 3. A\;b30¢7 7"/, Then the weights are

wt(Bp by T  hou') = jp +p*(p+ 1 —j — i) + 1+ (p* +p)i
=(1 —j)p2 +(G+ip+ 1 mod p®.

This must be wt(b""hy2) = p% 4 2p + 1, hence j = 0mod p and i = 2. This is the
only case. Hence we get d4(b’17_1h0u2) = b’f“hlz, so we also see dy(hou?) = b3hyz.
By similar arguments, we can prove

(4.5) dy(hou') = b?hyzu' ™2, 2<i<p-—1.

Indeed there is z such that d,.(z) = 02" hyu?, r < 2p — 2j — 1, and we use |u| = 2
and wt(u) = p? + p.

Remark 4.5. The formula (4.5) is also showed by the cohomology of Hopf algebra
version of Theorem 3 in [L 2]. I. Leary proved the following; Let 0 — Z/p — G’ —
G — 1 be a central extension of a finite group. We consider the induced Hochschild-
Serre spectral sequence. Let us write H*(Z/p) 2 k[u]® A(z) and doz = s,dsu = §'.
If H*(G) satisfies s’z = s2’ for some 2’ € H*(G), then dy(u"z) = n(n—1)u" 225"z’
The formula (4.5) is the case with @ = hg, 2’ = by, s’ = bihy, s = hohy.

Let d'(z) = dy4(z) for z = hou, 2 <i < p—1, and d'(z) = 0 for other S-module
generators in (4.3) and (4.3). Let FE:™ = H(E};",d'). Of course EI’" is its
subquotient. We get

(4.6)
S{1, ho} ® So{h1}, j=0,
ppri o ) S} @ So{ibu,  j=2,
° So{ha}u, j=2i,2<i<p-2,
S{hi}ur~, J=2p—2,
(S{ho} @ S/(b}){h1} ® So{hohi})z,  j=1,
(S/(62){h1} @ So{hoh1})zul, j=2+1,1<i<p—2,
(S{h1} ® So{hohi})zuP~2, j=2p-3,
S{h1, hohy}zuP~1, j=2p—1.
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The above computations are EE;" ~ Ei° EES? =~ EP? and EES* =~ Kerd,
EP' =~ Ey'/Im(d'). The differential is
d : Ey* = (S{hou} @ So{hiu}) — E;* = (S{ho, h1} @ So{hoh1})z

by hou? — b?hy 2; hence we know EE;” and EE;".
The elements 1, ho, hou, hoz are S-free. If d,.(x) is S-free, then x is also S-free.
Other S-free modules are generated by

B=k{hiu?~', hyzuP™2 hyzuP™t hohyzuP ™'},
so the differential which hit targets in S{1, ho, hou, h1z} are d, with r < 2p — 2.

Lemma 4.7. All non S-free nonzero elements in EE;™ are also nonzero cycles in
Egp_l.

Proof. From (4.6) we know all non S-free element in EE; ™" are b3-torsion. Suppose
that the image d, contains a b2-torsion element for 2p — 2 > r > 4. From (4.6),
S-module generators are written as u‘izehg hy. So we can write

d(ul2*hdh) = > Apbiud” 2" hf h{" with j=0o0r 1,A € Z/p.
Then
wt(the left of the above formula) — wt(u? ) > wt(u?~%") = (p? + p)(d — d"),
wt(the right of the above formula) — wt(u?" ) = pi + p*j + (p+ 1)e” + f + pg’".

By dimensional reason, we note d —d"” > i — 1 since other indexes j,e”,... are still
Oor 1. If d —d” > 2, then the above two weights are not equal. When d —d"” =1,
1 =2 and j = 1, also by dimensional reason, we know e = 1,¢” = " = ¢"” = 0.
This case is also seen that the above two weights are not equal. Hence Image(d,.)
does not contain b?-torsion elements.

Of course, the images of b?-torsion elements are also b?-torsion. Hence we get
the lemma. q.e.d.

If p > 5, then of course 2p — 2 > 5 and we have
Corollary 4.8. Ifp > 5, then EE5" = Eg" = Ey" .
For p =3, E2’" is a proper subquotient of EE;"" as stated below (4.9).
Since E,)" is ¥+ !_torsion, for each S-free generator a in B which is not in the

image(d,), r < 2p — 1 by dimensional reason, we know kerd,.|(Sa) = 0 for some
r < 2p — 1. The weight of free S-module generators are

wt(bho) = +1, wt(bfhou) =p* +p+1, wt(Blhoz) =p+2 modp®.
On the other hand the weight in B are
wt(hizuP™2) = —p* +1, wt(hizuP™') =1+p,
wt(hohizuP™') =24+ p modp.

Therefore, we get the differential
dgp_l(hlup_l) = bzf Kudo’s transgression,

dap—1(hohiuP™12) = hobl 2,

dop—o(hiuP~2z) = b8~ ho,

dgp_g(hlup_lz) = b;i)_lh()u.

(4.9)
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When p = 3, Es = H(EEj5,dsp—2) here the differential da,—o is given in the
above formulas. Recall EEs = Ey, 5 for p > 5. So for all p > 3, we have
Egp_l = H(EE5, de_Q). Thus we have

(4.10)
S/ {1} & S/~ ") {ho} ® Sofh1}, =0,
g J S/ o} & So{hihu, j=2,
) So{hatul, j=2i,2<i<p-2,

0, j=p—1,

(S/ (B {ho} @ S/(¥3){h1} & So{hoha })z,  j=1,

(S/(07){h1} ® So{hoh1})zu’, j=2i+1,1<i<p-3,

So{hoh1}zuP=2, J=2p-3,

0, j=2p—1.

Since dopyiuP = d2p+1’ﬁ1u = Pl(h1b1) = bYhy = 0, we have the following
theorem.

Theorem 4.11. For all p > 3, we have isomorphisms
EL = Ey" = (4.10) and EX" = EX"? forn > 0.
Corollary 4.12. gr H*(G(3)2) = E%* ® k[ba1] @ A(ha1).
Corollary 4.13. The cohomology H*(P(1)) is multiplicatively generated by
hiybi, gi = [hiz], ki = [hyu]  fori=0 or 1,
ej = [hzw! "), f; = [hw’™"] for3<j<p-1,
d, = [hoh1zuP™%] and v = [uP].

Unfortunately, we do not decide the multiplicative structure completely. Here
we give some partial results.

Lemma 4.14. Let p > 5. As S = k[bo, b1]-modules, H*(P(1)) = E%* in (4.10).

Proof. The proof is given by routine arguments using weight and degree. We give
here the proofs for cases by f; = bid, = 0. The proof of other cases are given
similarly. First note

wt(ho) = wt(ko) =1, wt(h1) =wt(k1) =0 mod(p),

® wi(b;) =0, wt(gp) =2, wt(gy) =1 mod(p)

for generators in EZJ, j < 2. By (4.10), we get

blfj = Z aih; + ﬁlkl for (78 ﬁi e s.

Since wt (b1 f;) = Omodp, we know o = By = 0. For dimensional reason, |a1| =
|ﬂ1| +2 = 2] The fact wt(u) > Wt(bl) implies Wt(blfj) > |a1h1| and > |ﬁll€1|
Thus bl fj =0.

Next consider the case bld;. Its weight is 2mod p. But there is no odd degree
element of same weight in E%/, j < 2. Hence bid, =0. q.e.d.
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Proposition 4.15. Let p > 5. The products x -y for generators x,y € {h;, g., ki,
ej, [,dy,} are zeros except for the following cases

higy = —hogy #0,  hoko, hiko, hok1, hoej # 0,
{hhgi, kl} : {ep—2aep—17fp—27 fp—l}aejep—i-l—jafjfp—jafjep+1—j~

Remark. The author does not know whether the above elements are zero or nonzero.
When p = 3 the multiplications are more complicated, for example, we know hog(, #

5. COHOMOLOGY OF S(2)2)

In this section we compute the cohomology of S(2)(2) = k(G(3)(Fp2))*. Let U
be the maximal unipotent subgroup of GL3 generated by lower triangular matrices
with diagonal elements 1. Denote subgroups

1 1 1
Uo=1[x 1 , Ug=10 1 , U,=10 1
0 0 1 0 * 1 * 0 1

which are isomorphic to G,. The cohomology of H*(U) is studied in [K-S-T-Y 1]
and [Y]. We recall it before studying H*(G(3)(F}2)).
The spectral sequence induced from

1-U,—-U—-U,®Ug—1
has the Fs-term
(5.1) Ey" 2 H (U, ® Ug) ® H*(U,) = H*(U).

In [K-S-T-Y 1] H*(Uz) is computed completely. Moreover we know the spectral
sequence (5.1) for low degree differentials. In the notation of [K-S-T-Y 1]

H*(Us @ Ug) ®/€yaz+1)yﬁ(z+1 ® N\(@a(i),2p(i)), y(i+1) = Ba(i),

=0
(U4) = @ kly, (i + D] @ A\ (e (1))
i=0
The first differential is doz~ (i) = x4 ()2 3(7). Hence

(5.2) B éP(i +1)® H(i)
i=0
with P(i) = k[ya (i), ys(i), y(i)] and
H(i) = k{1, 20 (i), 23(i), 0 (1) 2y (1), 23 (1) 2 (i), 2a ()25 ()2~ (1) }-
The next differential is dsy (1) = ya(i)zs(i) — ys3(i) - (). The differential dy

acts as da(z¢()y,(1)7?) = (ya(i)2s(i) — ys(i)za(i))ye ()2, (1)yy (i) for £ = a, B.
Moreover if p > 3, then d,, = 0 for 5 < r < 2p — 2. Thu these differentials are

closed in P(i) ® H( ). Hence if p > 5,

(5.3) By, <® E(z‘);*) ® H(0)
=1

where E(i):" is a subquotient of P (i) ® H (i) which is given (5.6)(3) on page 89 in
[K-S-T-Y 1]. For p = 3, by arguments similar to (4.9)—(4.10), we see that Eap_q is

Lo
Lo



STEENROD AND MORAVA ALGEBRAS 3033

a subquotient of the right-hand side algebra of (5.3). We know all the differentials
dop—2,dap—1. They are not closed in P(i) ® H(7), (5.8), (5.9), (5.10) in [K-S-T-Y 1].
In particular we know for all primes p > 3

Proposition 5.4 (5.11 in [K-S-T-Y 1]). The @2, klye(i)]-module generators of
H*(G(3)) and in @i E%*f are given by elements in H(0) and fori > 1

we (i), 9¢ (1) = [we (D) (1)), ke(i) = [2e(D)yy ()] for & = o or B,
d; (i) = [za(D)zp ()2 (D)y, ()2, 3<j<p,
¢j(1) = [(Ya(D)ap(i) — ys(D)za i)z (Dy, (Y %), 3<j<p-1.

Now consider the spectral sequence induced from (2.1)

E3" 2 kb, b1] ® /\ ) ® klug, u1] ® /\ (20,21)
= H* (G(3)(Fp2)) = H*(5(2)(2))-

The map ¢* : H*(U) — H*(U(F)2)) — H*(G(3)(F,2)) is given by

i*ya(even) = i"yg(odd) = b1, i*yg(even) = i*ys(odd) = by,
i*zq(even) = i*zg(odd) = ho, *xg(even) =i*z,(0dd) = h,

i"y,(even) = uy, "y, (odd) = ug, i"z(even) = zo,i"z,(0odd) = 2.
The first nonzero differential is
dazo = hoh1,daz1 = —hohy.

Hence E5™ = E3™* @ k[uo + u1] @ A(zo + 21) with

~i S{1, ho, hy }ut, j = 24,
(5.5) o et AU
S{ho,hl,hohl}u 2, j=2i+1,

where u = ug, 2z = 21, h h; = hii, S = k[bg, b1] with b; = by;.
Define E" v =H(E; E** d,) u using the facts that d,.(E**) C E*, which is shown

below. Then note that EX* = E** @ klug + u1] ® A(z0 + 21)-
The next differential is dsu; = bphg — b1h1. Hence (see p. 88 in [K-S-T-Y 1])

S{1} @ S{ho, h1}/(boho — b1h1), 7 =0,

Ey7 2 q (S{ho, hn}/ (boho — b)), 0<j=2i<2p-1)
S{ho, hi}uP~1,
(5.6) o, ]
(S{ho,h1} ® k{hohi})z, J=1

(S(boho — blhl) ) k{hghl})zuz, 1< j= 21+1< 2(p — 1),
S{(boho — blhl), hohl}diup_l.

By naturality and (5.5) in [K-S-T-Y 1], the next differential is

d4hjui+2 = (boho — blhl)bj+1zui.
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Hence we get (see (5.6)(3) in [K-S-T-Y 1]) for p >3

i (S{ho, h1}/(boho — bih1))u,  j=2,
5 0, 2<j=2i<2p-1),
S(boho—blhl)up_l, _]':2(]?—1)7
(5.7) S{ho, h1, hoh1}/((boho — byhi)bo,
(boho — bih1)b1)z,  j=1,

k{boho—blhl,hohl}zui, 1<j=214+1<2p—3,
(S{boho — blhl} D k{hohl})zup_2, j=2p—3,

S{boho — b1h1, hohy}zuP~t, j=2p—1.

When p = 3, E;" = Ey" , is given by (5.6) but Eg™ = E5" | is isomorphic to
the homology of the right-hand side of (5.7) by the differential da,_» defined by the

following two generators.
By naturality and (5.10) in [K-S-T-Y 1], we have

dap—2((bohg — byhy)zuP~2) = bhhy — b¥ hy,
dop—2(boho — b1h1)zuP~t) = (Bbhy — b ho)u.
Kudo’s transgression theorem (5.8) in [K-S-T-Y 1] gives
dap—1(boho — byhy)uP™t = ot — po !
dop—1(hoh1zuP™t) = (bhhy — BV ho)z.
Therefore we get for all prime p > 3

(5.8)
S/gT =
B ®S{ho, h1}/(boho — bihy, bhhy — bPhg),  § =0,
» S{ho, h1}/(boho — bihy, bbhy — bPho)u, ji=2,
0, 2<j=2<2p—2

S{ho, h1, hoh1}/
((boho — b1h1)bo, (boho — bih1)b1,

bghl — bﬁ)ho)z, j = 1,
k{boho —b1hq, hohl}zui, 1<j=214+1<2p—3,
k{hohy}zuP=2 Jj=2p-3,
0, j=2p—1.

Since dop1uP = bhhy — bho = 0, uP is a permanent cycle, so we get
Theorem 5.9. Ef* = E;p* ® klug + u1] ® A(zo + 21).
Corollary 5.10. H(S(2)(2)) is multiplicatively generated by
v=[uPl,u" = [ug + u1], 2" = [z0 + 1],
hiybiy gi = [hiz], ki = [hiu]  for i =0 or 1,
d; = [hoh1zu? %] for 4 < j <p,
¢; = [(boho — blhl)zuj_z] forda<j<p-—1.
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(Note d3 = [hohlzu] = —gokl and C3 = ﬂ(dg) = kokl.)

Next consider its multiplicative structure. The weight is given modulo (p? — 1)
so that

wt(ho) = wt(b1) =1, wt(by) = wt(h1) = p,
wt(go) = wt(ko) =2+ p, wt(g1) =wt(k1) =2p+ 1.
By the weight and degree consideration, we easily see that
(5.11) higi =0, hogi +higo =0, bi(bogo —b1g1) =0 forp>5.
Since G(3)(F}2) is a finite group, we can also define the usual Bockstein § = ]
and reduced powers P, which preserve weight and Frobenius maps.
(5.12)
Bho =by, Bgo=—ko and P'by =0 ([Y], Lemma 3.8, note z = 2y, u = o)
(Bho = bo, Bgo = k1 — hiu' and Pby = bf) with v’ = [ug + u1)).
Using these operations, we know some relations. For example
(5.13) 0 = B(hogo) = bigo + hoko for p > 5.

We can get more information from the Bockstein operation, however we give here
another argument using H*(Us(F})).

From Proposition 5.4, the generators except for z’,u’ and v are in the image
from H*(Us). Consider the diagram

(5.14) H*(Uz) ——— H*(Us(F)p2)) ——— H*(Us(F}))

l I
H*(G(3)) —— H™(G(3)(Fp2))-
Ian Leary decided the multiplicative structure of H*(Us(F),)) completely (The-
orem 4.14 and 4.15 in [L 1]), while it is quite complicated. In Leary’s nota-
tion, H*(Us(F},)) is generated by elements y, ¢, z, 2, Y, Y, X, X', d4, ... ,dp, C4, . . .,
cp—1,%. The images of the restriction map ¢* are given
i*ilia(i) =Y, Z*Jig(l) = y/a i*ya(i) =T, Z*yg(Z) = *T’/v
i*ga(i) =Y, i*gs(i) ==Y, *ko(i) = —-X, i*kg(i) =X,
(5.15) i*dj(i) = dj, i'cj(i)=¢;, ford<j<p-2,
i*dy_1 (i) = dp_y — 2Py — 2Py i*dy(i) = dp — 2P T2X — 2P T2X,
iep—1(1) = cp_1 — 2P — Pl
Here Y,Y’, X are taken so that yY’ = ¢'Y and 8(Y) = X but in our notation
za(1)gs(1) = —25(1)ga(1) and Bga(1) = —ks(1).
In H*(U;3), Kudo’s transgression and related arguments show (see (5.11) in
[K-S-T-Y 1))
Ya(2)ys(1)” — ys(2)ya(1)? = 0,

0
O s — 92 (1) el1). (1), k(D) for € = a or 5} =0
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Lemma 5.17. Let x be a homogeneous (with respect to the weight) element in
H*(Us) represented in @?:0 ExI(1) @ k{1,7¢(2),y¢(2)} where EX*(1) is the sub-
module in EX* defined from elements in P(1) @ H(1) in (5.2). If © € Keri* and
wt(z) < 2p*(a + 3), then x = 0.
Proof. First note that Keri*|(S(1) = klya(1),ys(1)]) is the ideal (yo(1)Pys(l) —
y3(1)ya(1)P). Each element in this ideal is nonhomogeneous with respect to the
weight. Hence suppose that = ay,(2) + b with 0 # a € S(1), b € S(1){1,y5(2)}.
Since x is homogeneous, we have

= c(a'ya(2) + 'ys(1)?) with c € S(1),a’ € k[yg(1)],b" € S(1){1,ys3(2)}.
For dimensional reasons z = ¢/(a”yz(1)P"1ya(2) + b"ys(1)P). Since z is homoge-
neous and in Ker:*, we get

z =" (ya(1)"ys(2) — ys(1)"ya(2)) with ¢” € S(1).

Thus z = 0 from (5.16). By similar arguments, we can also prove the lemma for
the case # € S(1){w(1), ge(1), ke (1)} ® {1,7¢(2), ye(2)}.  qed.

From this lemma, we can deduce all relations in H*(G(3)(F},)). For example,
there is a relation yX = 2Y for p > 5 in Theorem 2.14 [L 1]. Hence from Lemma
5.17, we get —4(1)ka(1l) = ya(1)ga(1). Hence —hiky = bogi, since

i*xa(l) = hy, i*ya(l) = bo, Z‘*goz(l) = g1, i*ka(l) = k1.
In Leary [L 1], we know
0 fori<p—1,
C;X =
—aP fori=p—1.
So i*(cp—1(1)ya(l)) = 2P~ 1z. Since wt(cp—1(1)) = (p — 1)(a + 3), we have
cp-1(Dya(1) = ys(1)" " ya(2).
Thus we have, in H*(G(3)(F)2))
for i -1
(5.18) by = 40 fori<p—1,
b fori=p-—1.

Unfortunately we cannot directly deduce H*(P(1)) from H*(S(2)2)) or
H*(G(3)). In the spectral sequence converging to H*(G(3)), the differentials are
given by

dazo = hoh1, dsug = bohs + b1h,
d4h1u(2) = (bth — blhl)bozl.

Since d3(hou?) # 0 in this spectral sequence, hou2 does not appear in E,;. However
we already know in (4.5), d3(hou) = 0 and dy(houd) = b3h12o in the spectral
sequence converging to H*(P(1)).

We know some of H*(G(3)3) from H*(G(3)(F,2)) and also a little about
H*(P(1)). Consider the map

(5.19) H*(G(3)2) —— H*(G(3)3) —— H*(G(3)2)

T

H*(G(3)) —— H*(G(3)(F}2))-
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We give an incomplete set of generators of H*(G(3)3) from those of c H*(G(3)2)
and subsets of generators of H*(G(3)(Fj2)) and H*(G(3)2).
hi, bi,gi = [hizo), fori=0or1,
g1 =[h2], g2 =[haza], ki =[hiuo], k2= [hauo],
d; = [hlhzzuj_z], ¢ = [bghgzlué_z],

/ /
h37b3agi ' ki,ej,fj,dp,’l}, and 22, U2, 24, U4.

(5.20)

Note that there are other generators, e.g., go2 = [hoz1 — haz)-

Finally in this section, we give a relation in H*(P(1)) from that of H*(Us(F,)).
In [L 1] there is a relation Xy = 22Y’ +2'Y in H*(Us(F,)). So we get from Lemma
5.17

ka(Dzp(1) = =24a(1)gs(1) + ys(1)ga(l) in H*(Us).
Hence k1ho = —2bogs + big1 in H*(G(3)). Thus we have in H*(G(3)(F)2))
(5.21) kiho = —2bogo + b191.
Note that there is an element kjhg from (5.20), which is represented in E*:1. Of

course the restriction image of this element to H*(G(3)(F)2)) must be the right-
hand side of (5.21). Recall that

i go2 — [hoz1 — hozo] = 290 — holzo + 21],
i* : g1 — [h1zo] = hilzo + 21] — g1
Moreover bohg — b1hy = 0. Hence i*(—bogo2 — b1g1) is the right-hand side of (5.21).
Thus in H*(G(3)), hok1 = bogoz + b1g}. Therefore we get in H*(P(1))
(5.22) hoki = big].

6. COHOMOLOGY OF THE MORAVA STABILIZER ALGEBRA

In this section, we study the cohomology of the Morava stabilizer algebra S(2),
which is more easily computed than that of S(2)(;). Most results in this section
about cohomology of S(2) are already known by Ravenel [R 1]-[R 3] and by Henn
[H] in more general forms.

Let us write the quotient algebra of S(2)(;) as S(2),j), letting ts = 0 for 1 <
s < k — 1. The filtration induced from injections

5(2)(272) - 3(2)(2,3) — 5(2)(273‘) o 5(2)(2,00)

gives a spectral sequence similar to (2.10), such that

o0

(6.1) Ey = ® klbir] ® /\(hik) = H"(5(2)(2,00))-

i>2,k€Z/2
From the property of the coproduct (1.5) and ¢; = 0, we know
(6.2) dohit2,0 = bijymod(hjk, bj—1,lj < i,k € Z/2) fori>2.
Hence we have (see Theorem 6.3.7 in [R 1])

(6.3) Bs= Q) N(how, har) = H*(S(2) 2,00))-

kez/2
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Next consider the spectral sequence
(6.4) By = (R) klbix] ® N\ (ha, haw, har) = H*(S(2)(1,00) = S(2)).
keZ/2

Since the algebra B = @.c /o k[b1x] ® A(h1k, hax) is closed under the differential
from the coproduct (1.5), we get the spectral sequences

(6.5) Ef=H(B,d)@ @ (ha) = H*(S(2))
kez/2

where the differential in B is dohog = high11. Hence

(6.6)

A= H(B,d) = k[by, b1]{1, ho, h1, g0, 91, hog1} ® /\(z’) with 2" = (hao + ha1).
Here gi, = [hrz] = [h1rhoo] as in Corollary 5.10. The quotient map S(2) — S(2)(2)
induces the map H*(S(2)2)) — H*(S(2)). For an element x in (6.5), d.(z) = 0 for
all r in the spectral sequence in (6.5), because x is represented as an image from
H*(S(2)(2)) by Corollary 5.10.

When p > 5, the relation in A are h;g; = gigi+1 = hog1 + h1go = 0 (5.11) and
the differentials in FY are dahsg = b1, dahs1 = by. Thus we get

Theorem 6.7. (Ravenel) For p > 5,
H*(5(2)) = k{1, ho, h1, g0, 91, hogr } ® \(2).
Corollary 6.8. For p > 5, the inflation map H*(S(2)(2)) — H*(S(2)) is epic.
When p = 3, the multiplicative structure of A is very different
(6.9) higi = —bihiy1, hogr — hogi = 0,37 = —biGi+1, §og1 = bobi.

Here we take new generators go = [ho(z0 — 21)] = go + hoz’, 1 = [hi(z1 — 20)] =
—g1 — h12’ so that o(go) = g1. This is proved by using the Massey product (page
294 in [R 2]) or by using Lemma 5.17 and the result of Leary (Theorem 2.15 in
[L 1]) by the map j*i*~! in (5.14), exchanging y (resp. ¥, z,2’,Y,Y’) with h;
(resp. ho,bo, b1, 91, —90)-

For p = 3, the differentials in E” are given by dahs; = bir1 — §; ([R 2]). This is
also proved by the definition of coproduct (see [R 2]). We can prove that b; — go is
a nonzero divisor in A, e.g. for x = a 4+ apgo + a1g1 € A, a,a; € klbo, b1],

d(zh3o) = (a + aogo + a191)(go — b1)
= (a — aob1)go + (—aobo — a1b1)g1 + (arbo — a)b,
using (6.9), hence if d(zhso) = 0, then a = ag = a1 = 0.

Hence for the spectral sequence E”, we only need to know the homology of
A/(bl — go) with the differential bo — §1 = dQ(hgl).

EBY = A/(by — §o,bo — §1) ® (Ker(bg — §1)|A/ (b1 — §o)){ha1}-

The algebra A/(by — go) is generated as a k[bg, b1]-module by {1, ho, h1, G1, hog1}
with the relation
hoby = —boh1, hi1g1 = —biho, hib1 —hog1 =0,

by = —bod1, gik=—bl, big1 = bobs
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from (6.9). Hence we have an isomorphism of k[bg]-modules
(6.10) AJ(by — Go) = k[bol{1, ho, h1,b1,G1. hodo} @ \(2').
We easily see that hy,b1,g1 € Ker(bgp — g1) in A/ (b1 — o), e.g.,
hi(g1 — bo) = —bihg — hibo =0, §1(G1 — bo) = —bj + b7 = 0.

For each element 0 # = € k[bol{1, ho}, it is easily proved (§1 — bo)z # 0. Thus we
get

Proposition 6.11. (Henn [H], [G-S-S]) When p = 3, as k[bg]-modules
H*(5(2)) = k[bol{1, ho, h1, b1, a, cf, ¢}, bra} @ \(2")
with a = [h1h31], 06 = [b1h31], C/1 = [glh31].

The fact that a, ¢ are permanent cycles in (6.5) is also proved from Corollary
6.14 below.

Let us write as G'S(;) an algebraic group with the group ring k(GS(;) (F)2)) =
S(2)(;)- Here we construct this group only for j = 3. Recall that the second Witt
group Ws is defined by Wh(A4) = A x A for each commutative k-algebra A with the
sum

(a1,a2) + (a},ab) = (a1 + ay, a2 + ay, — Cp(a,ay)) for a;,a) € A,

(see (1.5) for the definition of C,). From equality (1.5), the coproduct is ¥(t3) =
Y=ot ® tgj_j —Cp(t! ®14+1®1}). Hence the coordinate ring of GiS(3) is given by
k[G(4)] @ k[Wa] — kl[t1,ta,t3, 21, 2]/ (t1 = 21)

D k[ty,to, t3 4 ab] = E[GS(3)].
Let G1(A) (resp. G2(A)) be the subgroup of (G(4) x W2)(A) generated by
(6.12) {g(ai,az,as3) x (a1,b2)|a;, ba € A} (resp. {g(0,0,—b5) x (0,b2)|b2 € A}).

Since Hom(k[G], A) = G(A), we know GS(3) = G1/Go.
Therefore we have a short exact sequence of groups

0— G, — GS(g) — GS(Z) — 1.
The induced spectral sequence of Fjz2-points is
(6.13) By" = H*(S(2)) ® H* (Fy2) = H*(S(2)3)).

For p = 3, since dz(hs;) = bit1 — i, for hs; € H*(F)2), the following elements are
permanent cycles in the above spectral sequence

a = [hlhgl — hohgo], Cll = [blhgl + glhgo] and 66 = [glhgl — gohgo].
Hence we have
Corollary 6.14. The inflation map H*(S(2)(3)) — H*(S(2)) is epic.

The relations (6.9) are given in S(2)(2) and dg(hs;) = bir1 — g; for the spec-
tral sequence (6.13). Hence b3 + b3 = 0 in H*(S(2)3)). Thus for the map
7 : GS(3)(Fo) — G(3)(Fy), the variety is

(7 k[by, bo)) (k) = Var(b? + b2) = Vi UV_ C k{bo, b1}

where Vi, = {bp + ib1} and V_ = {by — ib}. Hence there are subgroups A, A_
which are isomorphic to Z/3 but not conjugate to each other in GS(3)(Fy).
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To seek AL, we recall the definition of b;. Identify G(2)(Fy) = Fy, let zq (resp.
x1) in HY(G(2)(Fy)) = Hom(Fy, k) be the element defined by the natural nonzero
map

Fo=Z/3®0Z/3=(1)® (i) = (1) = k (resp. Fg — (i) — k).

Let y; = B(x;). Recall that hg (resp. hqi) is the element induced from the identity
(resp. the Frobenius map) in Hom(Fy, Fy) = H!(Fy, Fy). Hence
ho = xo +ix1, hi=x0+ iz =x0 —iz1 (see (3.4) in [Y]),

bo = B(ho) =yo —iy1 and by = yo +iy1.

Since V(by + ib1) = V(yo — y1) = Ker(H*(G(2) = Fy) — H*(Ay)), we know
Ay = (1+41) (resp. A_ = (1 —1i)) in G(2). Therefore in GS(3)

A = (g(14,0,0) x (14,0, A_ = {g(1—14,0,0)x (1 —14,0)),

indeed, 3-g(a,0,0) = g(0,0, —a) in G(4) and 3-(a, 0) = (0,a3) in Wy for o = 1 +1,
hence A4 has order 3.

For 2+ € H' (A1) and y+ = B(w+), we see xg|AL = x4, 71]Ax = +24 and
hence

h0|A:|: = (130 + i$1)|Ai = (1 + i):Ei, h1|A+ = (1 F i)|ZIJi,
bolA+ = (L Fi)ye, bilAr = (1 £4)ys.
Note that by £ ib1|AL = 0.

Lemma 6.15. If @ € k[bo]{bo, b1} C H*(S(2)3)) and z|Ay = x|A_ = 0, then
z=0.

Proof. Each element  is written z = Ab§ + ub1bj . Then
oAy = A+ip) (1 +2)°y%, zfA- = (A —ip)(1 —i)°y2.
Therefore, we see the lemma. q.e.d.

Theorem 6.16. (Henn [H], Golbanov-Siegel-Symonds [G-S-S]) In H*(S(2)), there
are relations

a® = ahy = ahy = acy = ac) =0, cohg = c1hy = aby,

C()hl = Clh() = ab(), CpC1 = 0.

Proof. In the spectral sequence (6.5) or (6.13), we always know a? = 0 € E%*.
Hence a? € k[bo]{1, b1, a,ab;}. Consider the subgroup

Z/3 =B = <g(0,0, 1+ Z) X (0,0)> C Fy C GS(g)(Fg)
Let wy € H'(B4) be the element induced from the identity of Hom(By, By =
Z/3). Then we see hsg|Bx = (1 4+ 4)wy and hs1|By = (1 F i)wy by arguments

similar to the case Ay. Since a = [h1hs1 — hohsg], the restriction maps of a to
groups Ay @ By are

alAr @ By = (1 -1)% = (1 +4)*)zws
= —izqwy € klyy] ® \(zy,wy) C H (AL ® By).

Similarly a|A_ @ B_ = iz_w_. Both cases a?|A; @ By =a?|A_ ® B_ =0.
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Let us write a? = soobg + 8100109 + soaboa + s1gb1a. Then

a’|Ay @ By = (s00(154)* + s10(1 —9)(1 +1))y2
Fi(s0a(l F 1)+ s14(1 £19))yrxsw.

Thus all s;,5;4 are zero, that is a® = 0 in H*(5(2)3))-

The other cases are proved by the same arguments, using the fact that g;|Ay =
biy1|A+ since gogi = bobi, hobo = hiby and hogi = higo in H*(S(2)2)) (6.9).
Therefore we get relations in H*(S(2)(3)), so in H*(S(2)). q.e.d.

(E]
[G-S-S]

[K-S-T-Y 1]

[K-S-T-Y 2]
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